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Exercise. Prove that a finite group G is the internal direct product of its Sylow subgroups if and only if
every Sylow subgroup is normal in G.

Solution.

Suppose |G| =
n∏

i=1
pαi

i .

(⇐=) If every Sylow subgroup is normal in G, then for every p, the p−Sylow subgroup is unique
(By the third Sylow theorem: np = 1 ⇐⇒ Sylow p− subgroup is a normal subgroup)

=⇒ The Sylow subgroups are P1, . . . , Pn where |Pi| = pαi
i , each Pi has unique order, and

Pi ∩ Pj = {e} for all i, j = 1, . . . , n where i ̸= j

|P1 . . . Pn| = |P1| . . . |Pn|
1 =

n∏
i=1

pαi
i = |G|

Moreover, P1 . . . Pn ⊆ G since Pi ⊆ G and G is closed
=⇒ P1 . . . Pn = G
Thus, G is the internal direct product of its Sylow groups.

(=⇒) Suppose G is the internal direct product of its Sylow subgroups, denoted Hi for i = 1, . . . , m
Let ϕ : H1 × · · · × Hm → G be defined by ϕ((h1, . . . , hm)) = h1 . . . hm

ϕ is an isomorphism, and

ϕ((e, . . . , e,hi1, e, . . . , e, hj1, e, . . . , e)(e, . . . , e, hi2, e, . . . , e, hj2, e, . . . , e))
= ϕ((e, . . . , e, hi1, e, . . . , e, hj1, e, . . . , e))ϕ((e, . . . , e, hi2, e, . . . , e, hj2, e, . . . , e))

ϕ((e, . . . , e,hi1hi2, e, . . . , e, hj1hj2, e, . . . , e))
= e . . . ehi1e . . . ehj1e . . . ehi2e . . . ehj2e . . . e

hi1hi2hj1hj2 = hi1hj1hi2hj2

hi2hj1 = hj1hi2

=⇒ The elements of Hi commute with the elements of Hj for i ̸= j.
Since ϕ is an isomorphism, it is surjective

So, ∀a ∈ G, ∃hi ∈ Hi for i = 1, . . . , m s.t. a =
∏m

i=1 hi

So for h ∈ Hk where 1 ≤ k ≤ m

aha−1 = (h1 . . . hm)h(h1 . . . hm)−1

= h1 . . . hmhh−1
m . . . h−1

1

= hkhh−1
k h1h−1

1 . . . hk−1h−1
k−1hk+1h−1

k+1 . . . hmh−1
m by comm. between Hi and Hji ̸= j

= hkhh−1
k ∈ Hk

So ∀a ∈ G aha−1 ∈ Hk. Since h is arbitrary, Hk � G
Since k was arbitrary, this holds for all k,
In other words, every Sylow subgroup is normal in G
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